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Objectifs :

* Calcul des efforts extérieurs 3D sur une piece isolée : 'arbre
secondaire.

e Calcul du torseur des efforts intérieurs (torseur de cohésion),
* Tracés des diagrammes,

* Identification de la section critique (ou le dimensionnement
doit se faire)

e Calculs des contraintes en différents points d’'une section,
contrainte équivalente

* Criteres de résistance statique.
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Schématisation: points d’intérét, axes....
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Yo
Calcul des réactions aux paliers. .

Rotule en A Linéaire annulaire
(RIt a billes) (RIt rix cyl)
Xa
— 0
F.= |y .
A ZA FB = YB
ol™4 128
Ma=0 My =0

Ponctuelle E2

Ponctuelle E1

(Pignon) (Pignon Diff)
. X1 = 4330N X, = =7060N
Z, = 7370N |2, = 13855N

|

M1=O ﬁz)z(_))
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Calcul des réactions aux paliers...

. 0mm 185 mm > <30 mm
t — < >
i Yo _3’0

Xa
Fy= (Y4
OZA
My;=0
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80 mm 4 A

[

| [
[

|

[

|

|

i
| E, / d,=106,2mm
i
I

B ——
_____ >
— x(),
3 d,=56,5mm
- X, = 4330N . 0 X, = —7060N
F, = |r; =—-2690N Fg = |Yy F,= | Y, =5820N
o Z1="7370N 25 Z, = 13855N
1
Ml == 0 MB - 0 ﬁz) = 6
4
—7060N
F, = Y,cosa + Z,sina = 11968N
—Y, sina +Z, cosa = 9089N
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70 mm 185 mm

Calcul des réactions aux paliers...

80mm

2
. X1 =4330N X, = —7060N : E, d,=106,2mm
F = |r,=-2690N F,= [Y;=5820N | /!
| z1=7370N 2> =13855N A2 o

XA +X1+X2 :0
Yy+Y,+Yg +Ysocosa+ Z,sina =0
OZA+Zl+ZB—Y25ina+chosa=O

zMext(A): /\Fl)‘l'ﬁ/\F_B)‘l'A_EZ)AFZ)
~ 0105 (X1 ]0.185 0 0.215 X2
0= 10.0531A [|Y; + 0 A [Yg+ [-0.02825cosa A |Yycosa+ Z;sina
o O %1 | 0 N 0.02825sina  |=Yzsina+Z;cosa

0.0531* Z; — 0.02825 % Z, = 0

1
Yp = 0185 ——(0.0531 % X; —0.105 *Y; — 0.215(Y, cosa + Z, sina) — 0.02825 * X, cosa) = —10205N

Zg = 0. 185( 0.105 * Z; — 0.215(-Y, sina +Z, cosa) + 0.02825 * X,.sina) = —15285N
0
X, = 2730N Xz = ON
F,= | v,=927N Fz = |Yg =—10205N
|24 = —1174N |25 = —15285N

21
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Rappel de cours: convention, efforts internes, Torseur de coheésion

On peut toujours couper un solide virtuellement (= de manieére fictive)
et regarder ce qui se passe a 'intérieur de la matieére...
Dans le cas des poutres on calcule les efforts de cohésion (ou efforts internes).

g S ® M
3 e, Coupe virtuelle F
Base globale
F, KO

M@_’e - _M9—>69 o efforts de cohésion

o efforts internes

Foo = —Fo-e

Base locale

Torseur de cohésion N, : effort normal

To-e}=1T2 M;
T, My) .

Base propre [Grllrl2»l3] M2'3 : moments de flexion

T, 3 : efforts tranchants

M; : moment de torsion

des momentsquadratiques

UNIVERSITE D= LYON
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Calcul du torseur de cohésion

~ 185 mm 30 mm

[y
=)
n
3
3
A
v

E, | / d,=106,2mm

80 mm 4 A
[
|
[
|
[
|
|

' B —_
Aﬂc\ _____ .
— F — x_)
Zg .- 0,
&
3 d,=56,5mm
X, =2730N X, = 4330N
— . Xg = ON = _
F, = Y, =927N F, = |V; = —2690N =_ |y =B_1 205N . X, = 7060N
Z, = —1174N 7. = 7370N Fp B 020 F, = |Y, = 11968N
ol™4 ol #1 7 o|Zp = —15285N Z, = 9089N
M; =0

Sur AO,, O,B, BO,

23
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AOL1 : Calcul des efforts intérieurs, torseurs de cohésion

* On garde la partie gauche, PFS en G

XG
%)T AG= |0
| Ny M ol 0
_ |xa=2730N | Fo} =Tz M, x, €[00,105]
Fo= |Yu=9278 |
Z,=—1174 |
0 |
A
./.
./
7
./
7
‘/

24
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Calcul des efforts intérieurs, torseurs de cohésion (g, 1 ={1, M,

—

Yo

X, = 2730N
F,= | Y =927N
N2 = 1174

f
i
i
i
i
i
i

Ny M,
T3 Ms
X4+N; =0
Fext/GZOZ Yy+T,=0 A
Mext/G(G):azﬁ)/\E)-l_MQ(G)
G
B O,
(Y ——— O -0 --. .
Xo

RD/G_AOI = T2 - _YA - —927N

M (G) = M2 = —xG.ZA = x61174 N.m

D
G
0

N, = —X,= —2730N

o T3 = —Z4, = 1174N

M1=0

M3 = x(;.YA = x(;.927 N.m

25

M1:0

Q

Mp(0;) = |M,=123N.m
| M3 =97N.m

Uvasnsng D= LyoN



—

. . N, = —2730N
Evolution du torseur de cohésion R - 73 — —927N
D/G_A0] — 2
s N, | Ts=1174N
> 7
-2730 N
4y T,
> 7
-927/N
+ T,
1174 N
> 7
26 UnvarsE o= Lvon
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Evolution du torseur de cohésion
4 M,

M1:0

27

MQ(G)= MZ :—xG.ZA:xG.1174N.m
G 0 M3=xG.YA=xG.927N.m
ON.m
= > 7
M]_:O
Mp(0;) = |M,=123N.m
G | My =97N.m
4 |\/|2
A
4 |\/|3
97 N.m
/ .,
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O,B : Calcul des efforts intérieurs, torseurs de cohesion

0,105 + x
= ¥ x,¢[00,08]
_ X, = 4330N . 0
Yo ¢ F, = |, =—2690N
i Z, = 7370N —Xg
: 0
! — _|d1
X, =2730N | £ GE, = — = 00531
F,= |Y,=927N | 1 — 0
A | 53,1mm l 0
|24 =-1174 i , \T T
|
O G B O,
A @ 15@—7’ ————————— O -0--- >
Vi —_—
v Lo ! X0
Z—’ » ~ 105 mm 3 Ny M,
0 h {FD/G} =T M,
s M) mnm)
B X, +X;+N; =0 N, = —7060N
Fextjg=0= |Ya+Vh +T,=0 Rp/corp- = | T2=1763N
JatZ1+13=0 | T3 = —6196N

28



Calcul des efforts intérieurs, torseurs de cohesion
X, = 4330N . |otos+x  Xe € [00,08]
Vo 4 F{= [V;=-2690N AG = 0
: Zy = 7370N 0
0 0
: —X
X, =2730N | G
Fp= | Y =927N | E_ GE; = |==10.0531
Zy=-1174 | 53,1mm I 2
0 i ’ T 0 0
| o)
A (@) G B 2
S 2943 HR Py
A l4 PV
. N N, M, X0
Z_O) « 105mm {Fpe}=4T2 M,
Ts ~
S5 _ L G.[l1l2,13]
z Mext(G 0=GANAF, +GE, ANF, + Mp(G)
G
M; =—-391N.m
~0.105-x, [2730 | —x, |4330 |M, Mp(G) = |M;=—6196.x; + 123 N.m
0 Al 927 +|0.0531A|-2690+M, =0 ¢ ol Mz = —1763x¢ + 327 N.m
0 -1174 | 0  |7370 |M,
0 391 M, Xg = Xs =0,08
~1174.(0.105+Xg)+| 7370xg +[M, =0
—927.(0.105+ %) |2690.x5 —230 |M My = —391N.m . |My=-391Nm
Mp(07) = | M, =123N.m Mp(B) = |My=-372N.m
G | M3 =327N.m G | M3 =186N.m

29
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Evolution du torseur de cohésion N; = —=7060N
+ N, Rpcotp- = | T2 =1763N
. | Tz = —6196N
0 B
— ; > 2
-2730 N 2060 N
) On discutera plus loin de la discontinuité
4 T,
1763
> 7
-927/N
4 T,
1174 N
> 7
-6196 N
T O | 30 mem )
a INSA =
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Evolution du torseur de cohésion M; = —0.391N.m
s+ M Mp(G) = |M;=—-6196.x; + 123 N.m
1 G M; = —1763x; + 327 N.m
0 G
ON.m 0 B
! : N
= T - Z
M; = —391N.m
Mp(01) = | My =123N.m
| G _
+ M, | M; = —=391N.m
123 N.m | Mp(B) = |M,=-372N.m
/\ ’ o Ms = 186N.m
> 2
+ -372N.m
- 186 N.m
i > 7
31
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Discontinuité dans le torseur retour sur la modeéle d’engrenage

v'Caractéristiques de I'engrenages
* R : Rayon primitif
A o :angle de pression
= * B :angle d’hélice

| A | , 1™ < . -
L= A = - v'Caractéristiques des efforts
LN - - kT  F: effort résultant & la denture
g » Ft: effort tangentiel
ayon % | | F =F.cos(a).cos(B)
primitif —™ ¢ _
X Y-~ L~ « Fr: effort radial
s .

F =F.sin(a)

https://pierreprovot.wordpress.com/les-engrenages/les- ] .
engrenages-droits-denture-hlicoidale/ * Fa: effort axial

F, =F.cos(a).sin(f)

32



Discontinuité dans le torseur retour sur la modeéle d’engrenage

¢ N, «—— Largeur denture

;C?1 E B

-2730 N
-7060 N

rayon

Dans la réalité les efforts sont répartis
le long de la denture et sur plusieurs
dents

-391 N.m

Rg : La forme réelle dépendra de |a répartition

des efforts le long de |la denture (pas linéaire)
33 ‘membre de %
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Calcul des efforts intérieurs, torseurs de cohésion
. 0,185 + x,
Approche 1 AG = 0
. 0
X, = 4330N
Yot wo |y= —2600m X €[00.03]
I _
X, =2730N | = 77
Fi= [%=927N |
|Za=-1174 | E; » Xp = ON .
| 53.1mm Fg= |V = —10205N 12
, ’ \ ,|Zs = —15285N
I
A 01,L B G O, N1 M;
i N {FD/G} M,
- 1 x_o’ T3 My) ...
l5 G,[l1,12,13]
Z 185 mm
0 < >
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Calcul des efforts intérieurs, torseurs de cohésion

Approche 2
yO ?
!
!
|
!
|
|
|
) ——
7/
7
— K
A
_IV1
{FG/D} ={-T7
—13
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GO,= |0 x,e[00,03]
|0
t
. !
Z) ! .
| B
0300/ 2

i —7060N
. Ta=sesmm 1 11968N
M, 9089N
M) e mim

35
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Calcul des efforts intérieurs, torseurs de cohésion
. 0,185 + x,
Approche 1 AG = 0
. 0
X, = 4330N
Yot Fo |n'=—2600w Xs €[00,03]
I _
X, =2730N | = 77
Fo= |Y4=927N |
|Za=-1174 | E » Xp = ON -
| 53.1mm Fg= |V = —10205N 12
, ’ \ ,|Zs = —15285N
I
A O, B /D" O, N1 M,
i N {FD/G} M,
- 1 x_o’ T3 My) ...
l5 G,[l1,12,13]
ZO « 185 mm .
Nl = _XA _Xl _XB Nl == _7060N
Yot  |Ts=—Za—21—Zp T, = 9089N

36
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Calcul des efforts intérieurs, torseurs de cohésion
—0,08 — x
Approche 1 . 0,185 + x; . , G
= X, = 4330N AG = 0 GE; = 0.0531
Yo't F = |1, =—2690N 0 | o
I — 0
Xy =2730N | | 21 =7370N
Fa= |Ya=927N | e
za=-1174 | E, . Xp = ON B GBE= |0
, ’ \ o|Zs = —15285N
I
A O, 1 B G 02 Ny M,
~ l_l’ . {FD/G} T; M,
= X Ts Ms) _._._
. 185 ‘(13 0 3 3) 6 [ ]
ZO < mm >
Mext(G ES G—14)AFA+GE1/\F1+GB/\FB++MD(G) Ml:_391N.m
|:> M, =9089.x, —372
-0.185-x, [2730 |-0.08-x, |4330 [-x, 0 M, M, =-11968X%. +186
0 Al 927 +| 0.0531 A|-2690+| O A|-10205+M, =0
0 ~1174 0 7370 | 0 |-15285 |M
3 M, = —391N.m M, = -391N.m
0 391 0 M, _
. M, =-372N.m M, =-100 Nm
-1174.(0.185+x. ) +| 7370.(0.08+x;) +|-15285x, +[M, =0 M2 186 Nm M. = —173 Nm
~927.(0.185+x,) [2690.(0.08+ X, )-230 [+10205x, |M, ° ' ’
En B+ En O2-

a INSA G

37
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Calcul des efforts intérieurs, torseurs de cohésion

XG
GO,= |0
Approche 2 )0
Yo f
T ] X, €[00,03]
I Z7 ' —
| |
. . =300/
| lz |
| T |
| G | e

—Ny M, 2 —7060N

F, ={-T, —-M ~ d,=56,5mm —
{Fe/n} { _%3 _M:} - 2 F, = [11968N
Glllzls] 9089N
—N; — 7060 = 0 N; = —=7060N
—T2 + 11968 =0 RD/G_B+OE = T2 - 11968N
—T59089 = 0 : | Ts=9089N

38
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Calcul des efforts intérieurs, torseurs de cohésion

X6
GO,= |0
Approche 2 )0
yO f
¢ ] X, €[00,03]
| Zy I .
| |
. . 300/
| lz |
| T |
| G | X

Z_>‘. | 3 c/
0
—Ny, =M, —7060N

(Fepp}=4-T. —M, 3 d,=56,5mm =
oM F, = |11968N
G,[l1,12.13] 9089N
I [® ,z
Mext(G) = 0 = GE, A Fgy + +Mg(G) .
D
E, |
Xq Q, '
GE, - —d—22cos30 ~ -0.0245 T T e D
% in30 = 0.0141 | Vs
> Y2

UNIVERSIT‘% D= LyoN




Calcul des efforts intérieurs, torseurs de cohésion
X6
GO,= |0
Approche 2 . 0
yO f
¢ N, M, . X €[00,03]
| Fepp}=1—-T2 —M, Z, | .
— _M I
i Tk a0 /02 B
| lz |
| T |
| G | BV

7 I
— K 3
Zo c/
F, =

—7060N
1 d,=56,5mm 1910986981\],V
> Mext(6) = 0 = GE, A Py ++Mg (6)
D
Xg —7060 |-M; M, = -391N.m
~0.0245 A (11968 +|-M, =0 j‘> M, = 9089.x, —100
0.0141 |9089 |-M, M, = -11968x, —173

Attention : Le x; n’est pas défini de la méme maniere que dans l'approche 1

40
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Evolution du torseur de cohésion N, = —=7060N
A N1 RD/G_B"'OE = Tz = 11968N
T3 = 9089N
: : 0
0 0
; 1 % 2 > X
-2730 N
-/060 N
th 11968 N
1763 N g
»> X
_. |-7060N
92N F, = |11968N
419089 N 9089N
t1s Rg : On retrouve bien
1174 N les efforts en E2
> X
6196 N
oo | 41 - )
a INSA =



g

' Aci M, = -391N.m
Evolution du torseur de cohésion 1
+ M M, =9089.x, —372
1
= : | M, =-11968x_ +186
ON.m O, B O,
. ; é > X
Ml =-391Nm Ml =—-391N.m
M, =-372Nm M, =-100 Nm
M, =186 Nm M, =173 Nm
En B+ En 02-
i > X
+ -100 N.m
+> X
+ 173 N.m
(e 5 42 |



Rappel : relations torseur de cohésion/contraintes

Démarche conception

(T TTTTTTTTTTTT T -
i N oMy M b M T, My |
I 011 = —T1T—Xq ——X - T O =— T —X

P TS Tt Iyt S e BTS T,
Y e e e e e e o o o o o e e e e e /
(T T T T T T E e EEmm e mm_—m———— J| """"""""""""""""""""""" \
I I I
I ( 3\ I |
i N, M,y : i
L T, My S 011,012,013 ;
L_____\__:f ______ ?_’3_[@'_3_&»_131 _______ i_ ____________________________________ }
Il' """"""""""""""""""""""""""""""""""""" \:
i N1 = jO-lldS M1 = jX20'13 X3012 as i
: s 5 :
1 I
i i
: Tz = Jo-lzdS MZ = jngll dS :
' S S i
1

1 I
, :
i T3 = f0'13d5 M3 = — fxzo-ll ds i
| s 5 |




. .. N, M,
Section critique (Fp} =T, M,
T3 3) .
G,[lblz' 3]
N; = —2730N N, = —7060N N; = —7060N
Rpjgao; = | T2 =—927N Rps6otp-= | T2 =1763N Rp/6 pto; = |Ta=11968N
o Ts =1174N o[ Ts = —6196N o| T3 =9089N
Nl A TZ A T3 A
A (o} B O, A o 32 A e E O,
0 0 b, 0-0 . _, 0-9 ( e
Xo Xo Xo
Mp(07) = |M;=123N.m  Mp(07)= |M,=123N.m Mp(B)= |M;=-372N.m | Mp(0;)= |M,=—100N.m
G o M3 =97N.m G o M3 =327N.m G M; = 186N.m G o[Ms = —173N.m
M1A MZA M3A
Al 0, B O, Al B O, A O,
Xo Xo Xo

INSTITUT NATIONAL 44
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‘
: . . N, = =7060N M; = —391N.m 3
Contraintes dans la section critique B+ (g 1=)T,=11968N M, = —372N.m

T, = 9089N M, = 186N.m

002 1]

_ n(dZ, — d?, _ m(0.035% — 0.0132)

S = 8,294.10*m?
4 4
7-’:(dgxt - d?nt
= =7,226.10"8m*
~. 22,33 64 ,226.107°m
T[(dgxt - d?nt) _
e — 1,494.10~7m*
32
M 0
BM = X2
_ X
Ally,12,13] 3
- -
\ -
\ -
\ .
N My My —7060 372 186
T e T T L, 2 T 8294.10-%  7,226.10-8 3 7,226.10-8 2
_Tp My 11968 391
P12 = g T ¥ T 8294.10-% ' 1,494.10-7 3
_To My 9089 391
3= g T *2 T 8294.10-%  1,494.10~7 2

4 5 membre de 7%
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—7060 372 186
- - - - O- = - x _—x
Contraintes dans la section critique B+ o 8,294,107 7,226,107 T 72261070
%12 = 8394 10-% ' 1,494,107 3
B 9089 391
0 — %13 = 8,294.10~* 1,494, 10-7 12
BB. = doi/2 712
3 = eth/ oy, = —5,36.107Pa Yo
A,[ll,lz,lg] 0-12 = 1,4‘4‘. 1O7Pa
013 = —3,48.107Pa

011 = 8,16 107Pa
01 = _3,14 107Pa
013 = 1,1 107Pa

011 = 1.04. 108Pa
o1, = 4,68.107Pa

013 = —2,14.107Pa 0
BB, = 0
0 amEE et /?
BB, = exe/(2V2)
A'[H’EIE] dext/(zﬁ)

011 = _9,86 1O7Pa
012 = 6,02 107Pa
013 = 1,1 107Pa

011 = 3,65 107Pa

BB, = 0 01, = 1,44.107Pa
ALLE] ext/2 013 = 5,68 107Pa
013 0
BB; = —dext/2

INSN DES SCIENCES UNIVERSITE D= LYoN
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Contraintes dans la section critique B+, contrainte équivalente

Oym = \/0-2 + 372
o 011 = _5,36 107Pa

(0}
T:\/0122 + 01342 0 =011 ——p o1, = 1,44.107 Pa
013 = —3,48.107 Pa

oypm = \/0112 + 3(0122 + 013%) Oyu 51 = 8,44.107 Pa = 84,4MPa

e
012

011 = 8,16 107Pa
01, = —3,14.107 Pa
o3 = 1,1. 107 Pa

oy, = 1.04.108Pa
01 = 4‘,68 1O7Pa
013 = _2,14‘ 1O7Pa

Oy 55 = 1.37.108Pa = 137MPa

OyMm B4 = 9,99 107Pa = 99,9MPCI.

011 = _9,86 107Pa
0y, = 6,02.107 Pa
013 = 1,1.107 Pa

Oym g2 = 1,45.108Pa = 145MPa

o111 = 3,65 1O7Pa
012 = 1,44‘ 107Pa
013 = 5,68 107Pa

OyMm B3 — 1,08108Pa = 108MPa
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Contraintes dans la section B+
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Contraintes section O1
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Evolution des contraintes....
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