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1. Constructing the model: steady-state and 
dynamic

2. Solving: steady state and time-dependent 
matrix and differential equations. 

4 simplifications: 
1. linear, 
2. discrete, 
3. one-dimensional, 
4. with constant coefficients.
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Applied mathematics



1. Nonlinear becomes linear:
• Hooke’s law in mechanics: displacement is 

proportional to force
• Fourier’s law in heat networks: heat flow 

rate is proportional to temperature 
difference 

• Bernoulli’s law in hydraulic networks: 
volumetric flow rate is proportional to 
linearization of the square root of the 
pressure difference

4

4 simplifications
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Modelling: 
structural, thermal, hydraulic, electrical

• Structural mechanics
• Heat transfer
• Hydraulics

Transfer: irreversible statistical phenomena
Space inhomogeneity of an intensive quantity à
transport of a physical quantity
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Modelling: 
structural, thermal, hydraulic, electrical

Domain Across variable
(potential)

Through variable
(flow)

Constitutive 
equation

Balance equation

Structural 
mechanics

Displacement
𝑢 [m]

Internal force
𝑣 [N]

Hook law
𝑣 = −𝑘 Δ𝑢

Force balance

𝑚𝑢̈ =-−𝑘 Δ𝑢 + 𝑓

Heat 
transfer

Temperature
𝜃 [°C]

Heat rate
𝑞 [W]

Fourier law
𝑞 = 𝑅!" Δ𝜃

Heat balance

𝑚𝑐𝜃̇ =-𝑅!" Δ𝜃 + 𝑓

Hydraulics Pressure
𝑝 [Pa]

Volumetric flow
𝑞 [m#/𝑠]

Bernoulli law
𝑞 = 𝑅!" Δ𝑝

Mass	balance

0 =-𝑅!" Δ𝑝 + 𝑓

Electricity
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Structural mechanics: statics
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Structural mechanics: statics

• 3 steps to create the model
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Structural mechanics: statics
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Structural mechanics: statics
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Structural mechanics: statics
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Structural mechanics: statics
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Constitutive law

u potential
e potential difference
w internal (elastic) force
f external force

𝐾 = 𝐴$𝐶𝐴

𝑢 = 𝐾!"𝑓

stiffness matrix

solution
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Structural mechanics: minimum principle

Minimize 𝑃(𝑢) by solving %&
%'
= 0 or grad 𝑃 = 0 or first variation (&

('
= 0.
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Thermal networks

Heat transfer (or heat) is thermal energy in transit due to temperature difference

0th principle : temperature scales (𝑒" = 𝜃) − 𝜃" + 𝑏)
1st  principle : energy conservation (𝑞" − 𝑞* = −𝑓)
2nd principle and constitutive laws: direction / value of heat (𝑞" = 𝐺"𝑒")

− +

↑
𝐺"

𝜃) 𝜃"

𝑓"
𝑏"

𝑒"

𝑞" 𝑞*
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Heat transfer

Quantity Meaning Symbol Units
Thermal 
energy

Energy of matter at 
microscopic level

𝑈 J = kg m*s!*

Temperature Indirect measurement of 
stored thermal energy 

𝑇 𝑜𝑟 𝜃 K 𝑜𝑟 °C

Heat Amount of thermal energy 
transferred

𝑄 J = kg m*s!*

Heat rate Heat transferred per unit 
time

𝑄̇ ≡ 𝑞,Φ W = kg m*s!#

Heat flux Heat rate per unit surface 
area 𝜑 =

𝑑𝑞
𝑑𝐴

W/m* = kg s!#

Heat transfer: thermal energy transport due to temperature difference
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Thermal networks: steady-state

p=- )(div ql grad

 

R1 R2 R3 R4 q1 q2 q3 q4 q0 

e1 e2 e3 e4 

q1 q2 q3 q4 

f1 f2 f3 

x 0 1 

q(1) q(0) 

0 1 
x 

p=- )(div ql grad
 

fθK =×  

(a) (b) 
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Thermal networks: steady-state
• Conditions de Dirichlet aux deux limites

Step 1: Temperature differences
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Thermal networks: steady-state
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Step 2: Constitutive law (Fourier law)
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R1 R2 R3 R4 q1 q2 q3 q4 q0 

e1 e2 e3 e4 

q1 q2 q3 q4 

f1 f2 f3 

q(0)=0 q(1)=0 



Thermal networks: steady-state
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Step 3: Energy balance



Thermal networks: steady-state
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node temperatures 
temperature differences over resistances
heat flux through resistances
external heat flow rates
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𝐞 = −𝐀𝛉
𝐪 = 𝐆𝐞
−𝐀$𝐪 = 𝐟

g𝐆
!"𝐪 + 𝐀𝛉 = 𝐛
−𝐀$𝐪 = 𝐟

𝐆!" 𝐀
−𝐀$ 𝟎

𝐪
𝛉 = 𝟎

𝐟

𝐀$𝐆𝐀𝛉 = 𝐟

𝛉 = 𝐀$𝐆𝐀 !"𝐟



Structural mechanics: dynamics
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In statics (equilibrium) the masses do not move: 
each mass is in balance between external forces 𝑓 and internal (elastic) forces 𝐾𝑓;
the sum of potential energy is minimum.

In dynamics: displacements are changing in time, 𝑢 𝑡 :
the sum of kinetic energy "

*
𝑚𝑢+* and energy stored in springs "

*
𝑐𝑒* is constant
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Dynamics
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Dynamics

Solution of 𝑥̇ = 𝑎𝑥 (𝑎 ∈ 𝐑, 𝑎 constant)         is 𝑥 𝑡 =
𝑒!"𝑥(0)

Solution of 𝐱̇ = 𝐀𝐱 (𝐀 ∈ 𝐑#×#, 𝐀 constant)  is 𝐱 = 𝑒𝐀"𝐱&

If 𝐀𝐯 = λ𝐯, that is 𝐀 − 𝜆𝐈 𝐯 = 𝟎 , 𝐯 ≠ 𝟎)
solution of 𝐱̇ = 𝐀𝐱 with 𝐱& = 𝐯,                       is 𝐱 = 𝑒'"𝐯

Proof
𝐱 = 𝑒𝐀"𝐱& = 𝑒𝐀"𝐯=

𝐈 + 𝑡𝐀 +
(𝑡𝐀)(

2!
+ ⋯ 𝐯 = 𝐯 + 𝜆𝑡𝐯 +

(𝜆𝑡)(

2!
𝐯 + ⋯ = 𝑒'"𝐯
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Steady-state              Dynamics

𝐊𝐮 = 𝐟 𝐮̇ = −𝐊𝐮 + 𝐟
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Dynamics

𝑴𝒙̈ = −𝑲𝒙 + 𝒇

𝑥̈ = −𝑘𝑥

𝑥 = 𝐶"𝑒,-+ + 𝐶*𝑒!,-+
= 𝐶" cos𝜔𝑡 + 𝑖 sin𝜔𝑡
+ 𝐶*(cos𝜔𝑡 − 𝑖 sin𝜔𝑡)
= 𝑥) cos𝜔𝑡 +

/̇#
-
sin𝜔𝑡 ; 𝜆 = 𝜔*

𝒙̈ = −𝑲𝒙 ;  
̇𝑥 "
̇𝑥 *

= −2 1
1 −2

𝑥"
𝑥𝟐

𝐱 = 𝑎" cos 𝜆"𝑡 + 𝑏" sin 𝜆"𝑡 𝐯"
+ 𝑎* cos 𝜆*𝑡 + 𝑏* sin 𝜆*𝑡 𝐯*

Oscillator Diffusion

𝐂𝛉̇ = −𝐊𝛉 + 𝐟

𝜃̇ = −𝑘𝜃 ; 

𝜃 = 𝑒!1+𝜃)

Differential 
equation

Solution



Differential	equation:
𝑥̈ = −𝜆𝑥 ; 

General solution
𝑥 = 𝐶"𝑒,-+ + 𝐶*𝑒!,-+
= 𝐶" cos𝜔𝑡 + 𝑖 sin𝜔𝑡 + 𝐶*(cos𝜔𝑡 − 𝑖 sin𝜔𝑡)

Particular	solution:	
initial	condition	𝑥) and 𝑥
𝑥 = 𝑥) cos𝜔𝑡 +

/̇#
-
sin𝜔𝑡 ; 𝜆 = 𝜔*

initial	condition	𝑥) and 𝑥) = 0
𝑥 = 𝑥) cos𝜔𝑡



𝑥" 𝑥*

Déformation ressorts
𝑒"
𝑒*
𝑒#

=
1 0
−1 1
0 −1

𝑥"
𝑥* ; 𝐞 = 𝐀𝐱

Forces élastiques dans le ressort
𝑦"
𝑦*
𝑦#

=
𝑐" 0 0
0 𝑐* 0
0 0 𝑐#

𝑒"
𝑒*
𝑒#

; 𝐲 = 𝐂𝐞

Equilibre des forces dans chaque nœud
𝑓"
𝑓*

= −1 1 0
0 −1 1

𝑦"
𝑦*
𝑦#

; 𝐟 = 𝐀2𝐲

`
𝐞 = 𝐀𝐱
𝐲 = 𝐂𝐞
𝐟 = 𝐀2𝐲

ou 

𝐀𝐓𝐂𝐀𝐱 = 𝐟 ; 𝐂 = 𝐈; 𝐀𝐓𝐀 = 2 −1
−1 2

𝐀𝐓𝐂𝐀𝐱 = 𝟎;𝐊𝐱 = 𝟎

Régime stationnaire

sans forces externes

𝑙" 𝑙* 𝑙#

𝑙, longueur ressorts non-déformés
𝑥, déplacement des nœuds



0.7                -0.7  

0.7                      0.7  𝐯" ; 𝜆"

𝐯* ; 𝜆*

𝐀𝑻𝐀 = −2 1
1 −2 ; 𝐕 = −0.7 −0.7

−0.7 0.7 ; 𝚲 = 1 0
0 3

𝐱 = 𝑎" cos 𝜆"𝑡 𝐯"
𝑥"
𝑥* = 𝑎" cos 𝑡

0.7071
0.7071

𝐱 = 𝑎* cos 𝜆*𝑡 𝐯*
𝑥"
𝑥* = 𝑎* cos 3 𝑡 0.7071

−0.7071



𝑥" 𝑥* 𝑥#
𝑥

Déformation ressorts
𝑒"
𝑒*
𝑒#
𝑒5

=

1 0 0
−1 1 0
0 −1 1
0 0 −1

𝑥"
𝑥*
𝑥#

; 𝐞 = 𝐀𝐱

Forces élastiques dans le ressort
𝑦"
𝑦*
𝑦#
𝑦5

=

𝑐" 0 0 0
0 𝑐* 0 0
0 0 𝑐# 0
0 0 0 𝑐5

𝑒"
𝑒*
𝑒#
𝑒5

; 𝐲 = 𝐂𝐞

Equilibre des forces dans chaque nœud
𝑓"
𝑓*
𝑓#

=
−1 1 0 0
0 −1 1 0
0 0 −1 1

𝑦"
𝑦*
𝑦#
𝑦5

; 𝐟 = 𝐀2𝐲

`
𝐞 = 𝐀𝐱
𝐲 = 𝐂𝐞
𝐟 = 𝐀2𝐲

ou 𝐀𝐓𝐂𝐀𝐱 = 𝐟

𝑙, longueur ressorts non-déformés
𝑥, déplacement des nœuds



𝐀$𝐀 =
−2 1 0
1 −2 1
0 1 −2

; 𝐕 =
0.5 −0.7 −0.5
−0.7 0.0 −0.7
0.5 0.7 −0.5

; 𝚲 =
−3.4 0 0
0 −2.0 0
0 0 −0.6

𝐯# ; 𝜆#

𝐯* ; 𝜆*

𝐯" ; 𝜆"

0.5             -0.7                       0.5

0.5             07                     0.5

0.7               0               -0.7


