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* Fourier law:
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¢ = —-AgradT
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n= grad T _ V T
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20 | Une seule dimension n
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|Convection | A
Cartesiennes XYy.z oI ol or
raar) =L v Ly
Characteristic temp. x id =
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- temperature distribution: scalar

« heat field: vector
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- Energy balance: differential equation
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| Introduction |
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m — +div & = i continuity equation (fundamental)
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pe pe
¢ = —AgradT Fourier law (empirical)
T
C i .
| Convection | poC—— = le(A gl‘adT) + p heat equation
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* Note on empiricism : micro-scale effects
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Schéma du raisonnement

: oT
T divg = p - pc—
A ot
(]
g g
o | grad & | div
() [av)
= m
a
v Constitutive law
gradT ) > ¢ = —AgradT
Symbol Significance
T Potential
grad T Difference of potential
@=—-AgradT Heat flow rate due to potential difference
p External heat flow rates
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| Introduction |
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- Homogeneous and isotropic material A = const.
oT
. —=0
in steady-state ot
p=0

without internal sources

Laplace equation:

div(gradT) =0

AT =0
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pcg div(AgradT) + p

al‘_l;g

— For each dimension:

2 conditions at the boundaries

Space distribution of temperature
at initial time
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Fourier boundary condition
o, 1,
2

=h|T, -T(0,1)]
0x
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Surfaces in contact
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A
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div(A gradT) =0

d
= div(AgradT) +
% (/g )/p’

Plane wall

chaud i
&[4%)-0 | 111 o)
dx dx froid
1T0)=T, ol L. 0 T 1 [
T(L) = 7—;2 Tns B
L E @ §
T, o TSi,l T;.z N T.,
T(x)=Cx+C, —-r - L T
- (b) i




Conduction
Thermal resistance

Building Simulation | | Boundary Conditions

I

|Ilntroduction | T(O) — Tsl T(L) — TS2
|Therma| Analysis | . .
conduci i =» constants of integration

T, -T,

C, =T, C, =32 "5t
L
- i
=>» particular solution
T

T(.X') _Ss2  ~s1 x+T
L s1
|Convection | /,L A,

* Fourier law = @ =-—(T,, -T)==(T
Characteristic temp. X L S2 S1 L S1
Heat rate coefficient

[Radiation | H
. + Heat flux
|Coupled Transfer | qx = A(p = A%(TSI —_ TSZ)
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Thermal resistance

Building Simulation

| Introduction
I

| Thermal Analysis

Constitutive law
Heat equation

Initial & boundary

Thermal resistance
Thermal circuits : s 5
s -abscisse curviligne sur la ligne de courant

Analysis S -surface orthogonale aux lignes de courant

Steady-state conduction without internal sources
Dynamic

N[

| Convection

Constitutive law

 Fourier law in a section

Characteristic temp.
Heat rate coefficient

| Radiation

|
| Coupled Transfer

g =S() @ =-S(5) Als) L=
ds
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— Separation of variables

_as _
1 S(s) A(s)

[ _ds
1 0 S(8)A(S)

R-[ _ds
5o S($)A(S)

1L 1 In(r, /7, L 1(1
Rcd = cd = 4 (r2 l) Rcd =z4_ T

AA A 24l T\
Plane wall cylinder sphere

-[dr <= aR=T,-T,
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« Stream surface

(tube)

s -abscisse curviligne sur la ligne de courant
S -surface orthogonale aux lignes de courant

q, —q,.q + PSds=0
dg=pSds

J.qdq=fdes

90

Steady-state conduction

q(s) = LS pSds+q,
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| - stream surface (tube)

| Introduction |
|
| Thermal Analysis | s
dT _ J‘
Consucin | O 4(s) = [ pSds + g,
ds S0
s
ASdT——Ides—q
ds 0
&
1 s d
dT = —| - [ psds ds — g, 25
[Convection | AS : AS
0
Characteristic temp.
Heat rate coefficient 5
[Radiation |

| Coupled Transfer 5o
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. TI=J.% j—des' ds—qoirj—;+7])

So
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Building Simulation
| J ds R_[" ds
y = —— = _

Introduction
I | AS s AS
| Thermal Analysis |

T,=-r[pSds+|pSrds-Rq,+T,

% S

fi =] pSds b =-r| pSds+| pSrds

A S N
' ' =
e1=Rqo
~—
%=+ ] % L
6, =b +e +6, s
[Convection | -—
b A

Ty =T, = ~10°C h

Characteristic temp.

Heat rate coefficient

eo = 10° V77
[Radiation | ; < N e, =Ty +b, T,
I 775 C 1 25°C_ Ry T,=15°
|Coupled Transfer | 1 — t
-N; do
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Ty —T, = —10°C

« Convection resistance

« Radiative resistance

ey =Ty +b, - T,
e JL-T. 1
Ccv q hCVA
R ETS_Tme= 1
' q h A
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| Introduction
I
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« Multilayer 1-D wall
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Building Simulation | | .
| Mur multicouche
| Introduction |
|ThermaIAnaIysis | R _ 1 + LA + LB + LC + 1
Consucion | IR
hA AA A,A A A hA
q, =U-A-AT
1
U =
[Ca— 1 L, L, L. 1
Pl Sl B SHY
h, A, A, A. h,
|Convection |
T -T
Characteristic temp. qx = ) S = []14(TDol - Twz)
Heat rate coefficient 1ot
|Radiation | T —-T
oo] 0?2
|ICoupIed Transfer | (px = U(Twl _T°°2) = 1 L L 1
A B C

SELe;%gBuilding Simulation hl AA A,B A’C h2
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| Introduction
I

« Contact resistance

| Thermal Analysis

Constitutive law

Heat equation

Initial & boundary

Thermal resistance
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Analysis

N[

Dynamic

| Convection

Constitutive law
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-
|
o
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| - Example circuit
| Introduction |
|
|ThermaIAnaIysis | g —
: 'n_l-'\;'“:-‘: 'L".\"“';'-“I -L:.\',._,;._xl 't_."~" |‘,‘o- \l .L".:'.\"n’ﬁ:-. :.\f.‘,’-.
L=L——1L, A
1 :
z I
— A 2
Initial & boundary /1 H
" G qx
e H —
Thermal circuits
A A Y A T A e O DA
4 4, 5
: :
1 1
: !
1 1
[ Convection | — | T,
1
Constitutive law L . 9.
Characteristic temp. F o—____—eo —>
Heat rate coefficient ﬂ« " A2 LH
. . —
[Radiation | Ay
' L
| Coupled Transfer | G
Ener ildi i i AG Al
gy Building Simulation
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Thermal circuits
Building Simulation Type de condition Equation Variation de la Source
| température équivalente
| Introduction | 1. Température imposée  7(0,) =T . = T
I sur la surface ; !
[Thermal Analysis | (condition de Ten ! !
Dirichlet) T
[Conduction | = T
— '
2. Densité de flux
iooati s
surface (condition de
Neumann
cumant)
a. Densité de flux
Thermal circuits imposée - 12—7' =@ b PR — s
X |y | 1
: o— R | |
b T S
= -
b. Surface arl  _ . _y 95 =0
- adiabatique ou o N =Ps = —— = [Episieieiets ‘e
|C°nve°t|°n | surface de symétrie ¥ Tt ) | ;
i :
Characteristic temp. === b _? _____ 3
Heat rate coefficient 3. Surface avec oT 0.1 7
I Radiation l convection B ig ~h N LT ¥
[ (condition de T FOT(O S T :_E‘ZI'T.
Fourier) =nll, 10,1 = N i L
| Coupled Transfer | — W, ~T,) P44 T i ‘§|' h

Energy Building Simulation
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Thévenin theorem
— tension € potential diff.

— resistance € passivized sources
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| Introduction
I

| Thermal Analysis
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| Convection |
Characteristic temp.
Heat rate coefficient

|
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|
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Norton theorem
— current € short circuit terminals
— resistance € passivized sources

R, R; Ry Rs
Q) o -
Ry CD Ry
b b
8] O
e = R qo
~ R,
dy = q
N R2 + R3 tot

-1
1
Ry =R, +| —+—
Rl RZ
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Analysis of thermal circuits 1D
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| Introduction

- Heat equation

Thermal Analysi oT )
!
- Homogenous and isotropic material
A = const.
- oT
- steady-state o _y
Jt
|Convection |
——gg;j::;;;:gmp_ Poisson equation:
Heat rate coefficient
[Radiation

| Coupled Transfer

Adiv(gradT)+ p =0 AAT + p=0
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Analysis of thermal circuits 1D

Building Simulation

- Poisson equation

| Introduction
I

IThermaI Analysis

div(-A gradf) = p

(Conducion

1D

| Convection |
Characteristic temp.
Heat rate coefficient

|

[Radiation
|

| Coupled Transfer

div(-A gradéd) = p
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| Introduction

|
| Thermal Analysis
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1D

| Convection |
Characteristic temp.
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I
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« Direct problem

! €| €2 €3 €4 i
T N N T N TN
& R, 1z Ry & R; &5 R4 O
| | ===
a0) an @ & a3 4
PR '—:. i h f NE i
(l) |1 Tx i 7. 74 7. i
5 ™
div(A grad@) = -p A'CA-0=—f
(a) (®)

+ given: circuit and boundary conditions
- find: node temperatures and heat flow rates on branches

Conduction

Analysis of thermal circuits 1D

Building Simulation

| Introduction
I

| Thermal Analysis

(Conducion

1D

| Convection |
Characteristic temp.
Heat rate coefficient

|

[Radiation
|

| Coupled Transfer
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- Dirichlet boundary conditions

i €] e (] ey i
#A0)=0 A1)=0 & R 6 R 6 R 6 R, 6,
"""" ] — T ¢ F—— +—+——
““““ P —> — — — !
r q 9 g3 qs !
77777 777 ! A 4 '
’ 5 M+ r (Ds .
7777 i 77777 7777 i 7777,
— temperature differences for each resistance
e, =0, fe,] [-1 0 0] )
e, =6, -6, e, 1 -1 of
3 = 82 e=-A-0
e, =0,-0, e, 0O 1 -1 o
e, =06, e,] L0 0 17
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Analysis of thermal circuits 1D
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| Introduction

- Dirichlet boundary conditions

|IThermaIAnaIysis | /ﬁ\ /_62\ /€3\ /64\\
m A0=0 A1)=0 6 R 6 R 6 R 6 R 6
) I qz s .
’ | DL f IDE
' ( (
. s u .
------------------------------------------------------
— heat flux : constitutive law (Fourier)
[Convection | q, = Glel q, (;1 0 0 0 €,
_
Characteristic temp. J q2 G2€2 QZ — O GZ 0 O ez q= G e
Heat rate coefficient q3 — G3€3 q3 O O G3 O €3
IIRadlatlon | Q4 = G4€4 C]4 0 0 0 G4 64
|Coupled Transfer | -~ - - -
—— G =1/R,i=1,.4
Energy Building Simulation
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Conduction
Analysis of thermal circuits 1D
[om=e - Dirichlet boundary conditions
| Introduction | """""""""""""""""""""""""""""
1 € e e3 ey
|ThermaIAnaIysis | ~\_— =\ —\ _—
CEECE 00 a0 4 R4 R 6 R 6 R0
———————— | e TTTTT] —] —e— ——
------- — — — —
WL— 1 a qz s @
f 7 DK 2 DE |
< (
. s u e
------------------------------------------------------
1D .
— heat balance in nodes
-
P fama=t [A] [0 10 0]
Characteristic temp. q, — 4z = —f2 f2 =0 1 -1 0 2 f= _AT q
Heat rate coefficient f 0 0 1 1 q;
[Radiation | 4379 = /5 3 q
| - -

| Coupled Transfer

Energy Building Simulation
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| Introduction

|
| Thermal Analysis

(Conaucton

[Constutvolaw ]

1D

| Convection |

[Constiuvelow ]
Characteristic temp.
Heat rate coefficient

[Radiation |

I
| Coupled Transfer
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- Dirichlet boundary conditions

A0)=0 ¢ A1)=0
L S
— solution

K-0=f

——1 e —e—1

— —> — —
qi q2 q3 q4
D+ o Dx
/77 7777 7777 77777,

G, +G, -G, 0
K=A"GA=| -G, G,+G, -G,
0 -G, G,+G,

Conduction
Analysis of thermal circuits 1D

Building Simulation

| Introduction
I

| Thermal Analysis

(Conducion

1D

| Convection |

[Consttufvoion ]
Characteristic temp.
Heat rate coefficient

|

[Radiation
|

| Coupled Transfer
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- Dirichlet boundary conditions

A0)=0 ¢ A1)=0 &b R 6 R 6 R 6 R« 6
rﬂ ------- — T E—————
q1 q2 q3 q4
77777 /I A A
’ 7 D o Ds
V7773 ¥/ 777 77777
f=K-0 — 0=K"'-f
G=1
1 0 O]
1 -1 0 0 2 -1 0
T -1 1 0
K=AA= 10 1 -1 O|=|-1 2 -1
0 -1 1
0 0 1 -1 0 -1 2
0 0 -1]
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| Introduction

|
| Thermal Analysis

(Conaucton

1D

| Convection |
Characteristic temp.
Heat rate coefficient

[Radiation |

I
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2
K=A"TA=|-1
0

-1
2
-1

Dirichlet boundary conditions

0
-1
2

* Properties of K matrix

symmetric
tri-diagonal
sparse

K=K’

constant diagonal

« Toeplitz matrix

Conduction
Analysis of thermal circuits

Building Simulation

| Introduction
I

| Thermal Analysis

(Conducion

| Convection |
Characteristic temp.
Heat rate coefficient

|

[Radiation
|

| Coupled Transfer
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- Framework for analysis of thermal circuits

Connexions

e=-A0

Bilans

Loi constitutive

»

G

-Alq=f

q

— AT

0 températures dans les noeuds

e chute de température sur les résistances
q flux dans les résistances

f flux externes

Ge
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Building Simulation . . .
| - Equivalence between continuous and discrete
|Ilntroduction | 7 . oT 0 Alq=f
=p- —_—
[Thermal Analysis | - ot g
=] = )
[Congucton | . el i LN
l® al S 8
v Loi constitutive e = A0 Loi constitutive q=Ge
-4 G
Continu Discret
Equation de la chaleur div(A gradf) = -p ATGAO=f
Conditions aux limites enx =0:6(0) ou ¢(0) incluses dans
enx =1:6(1) ou g(1) la matrice A"GA
Température o 0
| Convection | Flux p q
|
Characteristic temp. Connexion -gradd - A0
Heat rate coefficient Bilan d'énergie -div @ _ AT q
IIRadlatlon | Constante de matériau A G
|Coupled Transfer | Sources p _f

Conduction
Analysis of thermal circuits 1D

Building Simulation

| Introduction
I

| Thermal Analysis

Constitutive law
Heat equation
Initial & boundary
Thermal resistance
Thermal circuits

Analysis

Dynamic

A0)=0 q(1)=0

| Convection

Constitutive law

—

Characteristic temp.

Heat rate coefficient

[Radiation
|

)
I

| Coupled Transfer

 Dirichlet plus Neumann

6 R & R
I_’ I { _»I !
q>2 q3 q4 !
bl f f

arc

Energy Building Simulation
slide 46

: circuit topology
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 Dirichlet plus Neumann

A0)=0 q(1)=0

— flux: constitutive law

q, =G q, G 0 O0]e

q, =G,e, q,|=10 G, O0|e q=G-e
q; = Ge; q; 0 0 G;je

q,=G,e, =0  (connu)

G =1/R,i=1,.4
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 Dirichlet plus Neumann

A0)=0 _____q(1)=0

— heat balance

49 -4, =~/ fi 1 -1 0fgq
9 =49 =~/ fl=-0 1 -1]gq,| f=-A"-q
9 =49, ==1 £ 0 0 1|agq
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 Dirichlet plus Neumann

A0)=0 q(1)=0

2 -1 0
f=H-06 G-=I H=A"A=|-1 2 -1

0 -1 1
6=K"'-f
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« Neumann conditions at both boundaries

' el e e3 ey :
: N |
& i 6 R 6 R 6 R 64

s — —
q1 q2 qs3

h f f

e, =0

e, =6, -6, e,] [-1 10 91

e3=62—03 e 0 _1 1 2 e=—A°9
’ Z

e, =0 :
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« Neumann conditions at both boundaries

9(0)=0 g(1)=0

— connectivity matrix

neud 6, 0,

-1
A =
¥

0,

1 0
-1 1
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« Neumann conditions at both boundaries

90)=0 _____g(1)=0 > . . - 71—
o = = Ja
fi f e
— constitutive law
q, =0
{% = Gye, {%} - {Gz 0 }{ez} q=G-e
q, = Gse, qs 0 G;je
q,=0

G =1/R,i=1,.4
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« Neumann conditions at both boundaries

H 5] € e3 [ .
& i 6 R 6 R 6 R 6

_______ —7 Z _1+—+
E/? ? ? 7 44 :
fi i) 5
— heat balance
-4, = _fl fl -1 0

LHi=- 1
VE 0

4, =qs =1,
q; =—f3
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« Neumann conditions at both boundaries

9(0)=0 q(1)=0

— Circuit equation

I -1 O
f=B-0 C=1 B=A"CA=|-1 2 -1
0 -1 1

singuliére ou non inversable

To solve: temperature reference is needed
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y
T,,0=1
il

T,, 6 =0— T(x, y) —7T,,06=0
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00 L T
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0c ol div(A gradT) + p + =0

ox?

Eq. Laplace
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« Finite differences
— Discretization of derivative
* Finite volume

— mean values of conservative variables in a volume,
not at the nodes (by integration)

— non-invasive boundary conditions

— structured or unstructured meshing
 Finite element

— use a function on a domain

— unstructured meshing
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* Finite volume
— volume discretization

/-"‘

—T—

=

Cing

N _t

m+1,n

— energy balance for every control volum

E —E +E, =0
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|
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— flux
dT
- AT
9 dx
gm— no gm,n m-1,n
Dty = MAY .I)IT
N
A —gradd
R o_LL_1 A
TOAA AAy-l
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]

m+ 1, n
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noeud

- Dirichlet boundary conditions

01

S O O O O O = O M= o= O -

)

|
O O O O O = O = = O = ©

o

—_ O = = O = O O O O O

S

D
= 2
o

-

|

—_ O = = O = O O O O O O

S

—_
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— Circuit equation

f=K-0

fi = p(Ax-Ay-1)

K =A'GA

4

-1
-1
0

-1
4
0

-1

p [Wm’

-1 0]
0 -1
4 -1
-1 4

- Dirichlet boundary conditions

]
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increasing j——
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1-4 1

1
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block

(L+1)x
(L+1)

<—— increasing i

-4 1
1 -4 1

J+ 1 blocks

J+1
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- Dirichlet and Neumann boundary conditions

— circuit equations

3
-1
-1

0

-1
4
0

-1

-1
0
3

-1

N

-1
-1
4
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+ Neumann boundary conditions

noeud

01 62
10} o
-1 0
0 -1
0O O
0O O
0O O
0O O
0O O

o

04 arc
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singular matrix

2

-1
-1
0

-1 -1 O]
2 0 -1
0o 2 -1
-1 -1 2]

- Neumann boundary conditions

Conduction

Analysis of thermal circuits 2D

BUIIdIng Simulation | [ 4 _1 _1 01 B 3 _1 _1 01 B 2 _1 _1 0_
I
[Introduction -1 4 0 -1 -1 4 0 -1 -1 2 0 -1
IThermaI Analysis | —1 0 4 —1 ~1 0 3 _1 ~1 0 |
m_o-l -1 4] [0 -1 -1 4] [0 -1 -1 2
Dirichlet Dirichlet & Neumann Neumann
Y 50
— - 2
%0 w00 _ O =20, 40,0
x| Ax dy’ (Ay)*
o "
gm—l n 29m n + 0m+1 n
| Convection | = ’ Ax ’ ) ’
(Ax)
Characteristic temp.
Heat rate coefficient
[Radiation | 2 2
. 0’68 0976
[Coupled Transfer | - (A)C)2 >t = 46m n = (9m el = Hm el = Hm—l n Hm+1 n
ox ady ’ ’ ’ ’ ’
Energy Building Simulation
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- heat equation
pc% = —div(-A gradT) + p

- 1D
oT

=A
ot dx

 finite differences 1D

d’T
, TP

0c

Aiz [(6m—1 -0,)+(0,,, - ‘9m)]+ )4

pcl =2

. A A .
prAN-CO, = A" (0, =0,) + A~ (0, =0,)+ 4~ AAx
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« thermal circuit 1D

—div(-A gradT) + p

. A A
“AAx-cO =A—@ -0 )+ A—@O, .. -0 )+qg-AAx
IO m A_X( m-1 m) AX( m+1 m) q
Y/
C=pAAxc=pVc
A
R =A—
! Ax ~—
A em-l 6m+1
Ry =A— — <«
Ax q1 l q>
—qC
fi=qAAx =
77
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* het equation
- steady-state
0=-div(-AgradT)+ p

0=-A"GAO+f,; f,=A" Gb+f

- dynamic

pcé(;—T = —div(-A gradT) + p
4

CO=-A"GA-0+f,; f. =A"Gb+f
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00)=T, O()=T,
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|I|ntroduction || |e,—b, =6,-6, e | 0 _ 1 -1 0 01 e—b=-A0
[Thermal Analysis || |¢. —p. = 6. — 0 e 0 0 1 =11 2
3 3 2 3 3 H
[Conauction | AP e,| |6, [0 o 17
)
g =Ge, a1 [G 0 0 0T
:: : . .tf 9, = G,e, q, 0 G, 0 0fe q=G-e
=
q; = Gae; | |0 0 G 0
q, =G,e, q, 0 0 0 G,|e, ;
) CO=A"q+f
: - : q
—— Cb=q-q¢+f [C 0 06| [1 -1 0 0 ql fi
eso0l. numerique . .
Clb,=q,-q;+f, [0 C 0]6|=0 1 -1 0 ; +| /2
: : 3
Mledtt i Ciby=q;-q,+f, [0 0 GJ6 O 0 1 -1 q /3
4
[Radiation | )
| -
|Coupled Transfer | C e =-ATGAO+A'GDb +f G A q _ b
Energy Building Simulation - AT SC 0 f
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Building Simulation | «+  Plug the sources, chose a direction for fluxes

| LEL " “
|Ilntroduction 1 — 3 l I —
IThermaI Analysis 4 R R R ® TL

0 II I’7I r Y IA

N

l\-/l hd 0 L

. |
—5 I/\

0,
3 N2
i * o “oor —— F——
T F F ! 7*1 5 R
* Describe the circuit
pla ol Rt
q 1 0 0 G, 0 0 0 7,1 —Te—=——1— b =T,
e O e e O o I
. qs 0 -1 1 0 0 G, 0 0 . .
a 0 0 -1 0 0 0 G - I be-T
Résol. numérique rl 0 0] q; T/’\
Constitutive law c=l0 ¢, 0 i
Characteristic temp. 0 0 C
Modéle d’état R '—(O—i x; —
f=0f, 1 fa]T f
IIRadiation - =

+ Give the solution
,_,, CO=-A"GA-0+f,; where f, =A"G-b+f
Energy Building Simulation

slide 72 7777 FF77
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- state-space model, if 3¢

0=A 0+B f,
y=C,0+D f,

where 0 state vector; contains the temperatures
f,=[b f 1" - input vector; contains sources
y - output vector; varaibles of interest,

A, =-C'A"GA dynamc matrix, if 3C™"'
B, =C'[A'G 1] - command matrix, if 3C™'
C, - observation matrix

D, - feed-through matrix
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« Euler approximation

90| O, -0,
ol At

m,n

- evalation at he previous time-step
0=A 0+B f,

0,, -6

Tp = As Op +Bs fT,p

0,,=0+ArA)0, +ArB £,
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- Stability
— choice of the spatial discretization
— imposes the time-step

. 1D N 2D .
aAt 1 aAt 1
<— <—
(Ax)*> 2 (Ax)* 4
a=Al(pc) thermal diffusivity
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« Euler approximation

| Introduction |
IThermaI Analysis | (:)H| B Hﬂ;;;l _ 0,5,1
Conaucion | I
"
. .
- evaluation at the same time-step
.
6=A 0+B f,
9479 A0 .BF
[Convection | At s T p+l s T.p
Characteristic temp.
Heat rate coefficient -1
l 0, =0-AtA)"'(0, +ArB f, )
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« Heat transfer in fluids
— advection
— diffusion

- Steady-state

* Fluid - solid wall
— heat flux at the wall

06
= —A —_
pf an

of

— temperature continuity at the wall

0

N

M= f‘M

Convection

Constitutive law: Newton

Building Simulation

| Introduction
I

| Thermal Analysis
I

| Conduction |
Characteristic temp.
Heat rate coefficient

|

[Radiation
|

| Coupled Transfer

Energy Building Simulation
slide 78

* Newton law

¢, =h(0,-6,)

=
oy

TR N e
|I|||I Llnsulation
|
E

P
I

- Convection problem
— equivalent temperature
— convective heat coefficient
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* Internal flow

To . V=0
T(y) {d |
T = Uly)
- < ; —— >
Tp X1
d 1d
mx=_[,0vdy=d,0vM vM=gJ‘vdy
0 0
) d
Hx=jpcv0dy 0, =—"—=
0 cm,
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« External flow

Couche limite
mécanique

Couche limite
thermique

IE=q=hA(T,-T.)

=l A

h\
A

ke

= CTRE s ]

SRR B a',“,,rr,
Insulation
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- Example : heat exchange in an

infinite pipe

Values which influence the thermal flux in the pipe

Value Symbol SI unit Dimension
1 Pipe diameter (@) D m [L]
2 Fluid velocity b U, m/s [LT™]
3 Fluid density (© p kg/m’ [ML™]
4 Fluid viscosity d wu kg /(m - s) [ML'T™]
5  Thermal conductivity of the fluid (e) A W/(m-K) [MLT 267"
6  Specific heat at constant pressure N c, J/(kg-K) [*T267"]
7  Heat convection coefficient (g) h, W/(m’K) [MT 67

7 [physical variables] - 4 [dimensions (L, M, T, 8)] = 3 [products]

S 5 L R T N R
7=D"v"-p"u’ A cyhf

dimensions :

[.7[] — [L]a+b—3c—d+e+2f [M]c+d+e+g [T]—b—d—3e—2f—3g [6]_e_f_g
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— adimensionel products (4 egs. 7 unknowns)

(a+b-3c-d+e+2f =0
ctd+e+g=0
\=b-d-3e-2f-3g=0
—e-f-g=0

— a possible solution

a=le=-l;g=b=c=d=f=0=>unx =
a=Lb=lic=ld=-lie=f=g=0,=umx,
d=le=-Lf=lila=b=c=g=0=>m, =

F(Nu,Re,Pr)=0

D _
A

_pvD_

Re
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+ Reynolds : ratio between inertial and viscous
forces

D ’D*?
Re = e py
U wD
* Inertia
2 N2 2 2V v
ov D =pvD"-v=pID" —ox pV-—=m-a
t t
 forces viscous

WDOCMSQ
dz
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« Prandtl : viscous diffusion rate / thermal difussion
rate
mee, _ulp _v

Pr = = =
A Allp-c,) «a

« Nusselt : convective het transfer / conductive het
transfer

WD RAT D/ A
Nt = = AT = Un
Ai
D
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* inside flow

gy= 2000 W/m?
Ny
Water =
—> D=60mm —_
f1=0.01 kgls -
1 gs _§ j | “-T,,,=80C
T,=20°C — *

h. depends on:

- v, ,mean velocity of the fluid, m/s

p , density of fluid, kg/m3

¢ , specific heat of fluid, J/kg °C

u , dynamic viscosity of fluid, Pa s

A, thermal conductifvity of fluid, W/m °C
D , inner diameter of pipe, m

- x,abscissa, m.
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« internal flow

Four fundamental units (four adimensinal numbers):

D
Nu = hT Nusselt, het exchange between fluid and wall;

pv,D

Re = Reynolds, flow type:
U
Re <2000 laminair flow
Re > 3000 turbulent flow
uce . .
Pr= — Prandtl, thermal properties of the fluid

X . . .
B adimensional abscissa

Nu =0.023 Re®® pr®#
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- external flow
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- Gravity and buoyancy

« Grashof number: equivalent to Raynolds
number for natural convection

_8pBW, -0

2

U

Gr

— buoyancy (Archimedes)
— viscous forces

« Correlation for natural convection

Nu = C(Gr Pr)" Ra = Gr Pr(Rayleigh)




